TRACE ASYMPTOTICS FORMULA FOR THE SCHRODINGER 
OPERATORS WITH CONSTANT MAGNETIC FIELDS. 
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Abstract. In this paper, we consider the 2D- Schrodinger operator with constant magnetic 
field H{V) = {D^ - Byf + + Vhix,y), where V tends to zero at infinity and /i is a smaU 
positive parameter. We wiU be concerned with two cases: the semi-classical limit regime 
Vh{x,y) = V{hx,hy), and the large coupling constant limit case Vh{x,y) = h~^V{x,y). We 
obtain a complete asymptotic expansion in powers of /i^ of tr{^{H{V), h)), where £ 
Cq° (R; R) . We also give a Weyl type asymptotics formula with optimal remainder estimate 
of the counting function of eigenvalues of H(y). 

1. Introduction 

Let Hq = {Dx — By)'^ + Dy be the 2D— Schrodinger operator with constant magnetic field 
5 > 0. Here Di, = jdy. It is well known that the operator Hq is essentially self-adjoint on 
C^{M?) and its spectrum consists of eigenvalues of infinite multiplicity (called Landau levels, 
see, e.g., P) 

oo 

a{H^) = aUHo) = [j {(2n + 1)B}. 

n=0 

Here ct{Hq) (resp. aess{Ho)) denotes the spectrum (resp. the essential spectrum) of the 
operator Hq. 

Let V G C°°(M^;M) and assume that V is bounded with all its derivatives and satisfies 
(LI) lim V{x,y) = 0. 

\{x,y)\^oo 

We now consider the perturbed Schrodinger operator 
(1.2) H{V) = Ho+ Vh{x,y), 

where V/j is a potential depending on a semi-classical parameter h > 0, and is of the form 
yh{x,y) = V{hx,hy) or Vh{x,y) = h~^V{x,y), {6 > 0). The Kato-Rellich theorem and the 
Weyl criterion show that H(V) is essentially self-adjoint on C^(M^) and 



aessiH{V)) = aess(^o) = Q i(2n + l)B}. 



n=0 



The spectral properties of the 2Z)-Schrodinger operator with constant magnetic field H(y) 
have been intensively studied in the last ten years. In the case of perturbations, the Landau 
levels An = {2n + 1)B become accumulation points of the eigenvalues and the asymptotics of 
the function counting the number of the eigenvalues lying in a neighborhood of A„ have been 
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examined by many authors in different aspects. For recent results, the reader may consult 
[m El [20l [El [H [lOl [2] and the references therein. 

The asymptotics with precise remainder estimate for the counting spectral function of the 
operator H{h) := Hq + V{hx,hy) have been obtained by V. Ivrii |13j. In fact, he constructs 
a micro-local canonical form for H(h), which leads to the sharp remainder estimates. 

However, there are only a few works treating the case of the large coupling constant limit 
(i.e., Vh{x,y) = h~^V{x,y)) (see [HI [T71 [18] ) . In this case, the asymptotic behavior of the 
counting spectral function depends both on the sign of the perturbation and on its decay 
properties at infinity. In [18], G. Raikov obtained only the main asymptotic term of the 
counting spectral function as h\0. 

The method used in |18j is of variational nature. By this method one can find the main 
term in the asymptotics of the counting spectral function with a weaker assumption on the 
perturbation V. However, it is quite difficult to establish with these techniques an asymptotic 
formula involving sharp remainder estimates. 

For both the semi-classical and large coupling constant limit, we give a complete asymp- 
totic expansion of the trace of ^{H(V), h) in powers of h'^. We also establish a Weyl-type 
asymptotic formula with optimal remainder estimate for the counting function of eigenvalues 
of H(y). The remainder estimate in Corollary 12.41 and Corollary 12.61 is 0(1), so it is better 
than in the standard case (without magnetic field, see e.g., [9j). To prove our results, we 
show that the spectral study of H(h) near some energy level z can be reduced to the study 

of an /i^-^'DO E |_(z) called the effective Hamiltonian. Our results are still true for the case 

of dimension 2d with d > 1. For the transparency of the presentation, we shall mainly be 
concerned with the two-dimensional case. 

The paper is organized as follows: In the next section we state the assumptions and the 
results precisely, and we give an outline of the proofs. In Section [3] we reduce the spectral 

study of H{V) to the one of a system of /i^-pseudo-differential operators E \^{z). In Section 

[H we establish a trace formula involving the effective Hamiltonian E ^{z), and we prove the 

results concerning the semi-classical case. Finally, Section [5] is devoted to the proofs of the 
results concerning the large coupling constant limit case. 

2. Formulations of main results 

2.1. Semi-classical case. In this section we will be concerned with the semi-classical mag- 
netic Schrodinger operator 

H{h) = Ho + Vihx,hy), 
where V satisfies (jl.lh . By choosing B = constant, we may actually assume that B = 1. 
Fix two real numbers a and b such that [a, 6] C M \ acss{H{h)). We define 

(2.1) lo := min {q G N; V-\[a - {2q + 1), 6 - {2q + 1)]) / 0} , 

/ := sup {q G N; V-^{[a - {2q + 1), 6 - {2q + 1)]) / 0} . 

We will give an asymptotic expansion in powers of h? of tr(f{H(h), h)) in the two following 
cases: 

a) fix,h) = fix), where / G C^{ia,b) ^M). 
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b) f{x,h) = f{x)e{^), where /,6' G C^(R;R), r G M, and ^is the Fourier transform of 9. 
As a consequence, we get a sharp remainder estimate for the counting spectral function of 
H{h) when /i \ 0. Let us state the results precisely. 

Theorem 2.1. Assume (jl.ip . and let f G C^((a,6);M). There exists a sequence of real 
numbers {aj{f))j^fq, such that 

oo 

(2.2) tr(/(i7(/j)))~ j;a,(/)/i2(^-i), 

fc=0 

where 




f{{2j + l) + V{x,y))dxdy. 



Let 9 G Co°(M), and let e be a positive constant. Set 

0{r) = e^'-9{t)dt, lit) = -jC-). 

In the sequel we shall say that A is not a critical value of V if and only if V{X) = A for some 
X G implies VxV{X) / 0. 

Theorem 2.2. Fix /i which is not a critical value of (2j + 1 + V), for j = Iq,...,1. Let 

f G C^iifi - e,/u + e) ;M) and 9 G C~((-i, ^) ;M), with 9 = 1 near 0. Then there exist 
e > 0, C > and a functional sequence Cj G C°°(M;M), j G N, such that for all M,N G N, 
we have 



(2.4) tr (/(i/(/i))e\.(t -//(/.))) Cfc(t)/i2('=-^)+0(^^j 



fc=0 

uniformly in i G where 

_dSt 

j=lo ' 



(2.5) coit) = ^f{t) I 



{(x,s/)GK2| 2j+l+Vix,y)=t} |Vy(x,y)| 



Corollary 2.3. /n addition to the hypotheses of Theorem \2.1\ suppose that a and b are not 

critical values of ((2j + 1) + V) for all j = Iq, Let Afh{[a, b]) be the number of eigenvalues 
of H{h) in the interval [a, b] counted with their multiplicities. Then we have 

(2.6) J\fh{[a,b]) = h-^Co + 0{l),h\0, 

where 

I 

2tt 



1 ^ 

(2.7) ^0 = ^ E Vol (^"'([« - (2i + 1), - (2i + 1)])) . 
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2.2. Large coupling constant limit case. We apply the above results to the Schrodinger 
operator with constant magnetic field in the large coupling constant limit case. More precisely, 
consider 

(2.8) H^ = {D^-yf + Dl + \V{x,y). 

Here A is a large constant, and the electric potential V is assumed to be strictly positive. Let 
X := (x, y) G M^. We suppose in addition that for all G N, 

(2.9) V{X) = ^ a;2i I ^ J l^j-^-^^ + r2N{X), for \X\ > 1, 
where 

• Wo e C°°(S^ (0,+oo)), uj2j G C°°(S^;M), j > 1. Here denotes the unit circle. 

• (5 is some positive constant, 

. |4r2;v(X)| < C^(l + jxrl'^l-^-^^, V/3 G N2. 

Since V is positive, it follows that cr{Hx) C [l,+cx3). Fix two real numbers a and b such 
that a > 1 and [a, 6] C M \ aessiHx)- Since aessiHx) = U°^o{(2j + 1)}, there exists g G N 
such that 2q + 1 < a < b < 2q + 3. The following results are consequences of Theorem 12. H 
Theorem 12.21 and Corollarv 12.31 

Theorem 2.4. Assume (12. 9p . and Zei / G C^((a, 6); M). There exists a sequence of real 
numbers {bj{f))j^fq, such that 

oo 

(2.10) tT{f{Hx)) ~ A? J^6fc(/)A-f , A / 

fc=0 

where 

(2.11) 6o(/) = ^ r{iOo{cose,sme))UeY, [ f{u){u - (2j + l))-^-id^.. 

Theorem 2.5. iei / G C^((a - e, 6 + e) ; M) and 6* G C^{{-^.h) '^^)' = ^ ^ear 0. 

r/ien i/iere exist e > 0, C > and a functional sequence cj G C°°(M; M), j G N, smc/i that for 
all M, iV G N, we have 

M /,_2M\ 

(2.12) tr(/(i7,)0;_|(t-if,)) =Al5^^Cfc(t)A-f 
uniformly m t G K, where 

_dSt 

J=0' 



(2.13) co{t) = ^f{t)j2 [ 

27r t-^ 7/ 



|VxW^(X)| 



iJere VF(X) = ^^0(^)1^1"'^. 

Corollary 2.6. Let J\f\{[a,b]) be the number of eigenvalues of H\ in the interval [a, 6] counted 
with their multiplicities. We have 

A6v([a, b]) = X^Do + 0(1), A ^ +oo. 
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where 




2.3. Outline of the proofs. The purpose of this subsection is to provide a broad outline 
of the proofs. By a change of variable on the phase space, the operator H{h) is unitarily 
equivalent to 

P(h) :=PQ + V''{h) = -^+y^ + V^{x + hDy,hy + h^D,),X = {x,y)GR\ 

Let n = l[c ,i](Po) be the spectral projector of the harmonic oscillator on the interval [c, d] = 
[a — |[y ||/,oo(ig2), 6 + ||y ||£,t=o(iR2)] . Using the explicit expression of n we will reduce the spectral 
study of {P — z) for z G [a, 6] + z[— 1,1] to the study of a system of /i^-pseudo-differential 

operator, E depending only on x (see Remark 13.71 and Corollary 13. 9p . In particular, 

modulo we are reduced to proving Theorem 12.11 and Theorem 12.21 for a system of 

/i^-pseudo-differential operator (see Proposition 14. ip . Thus, (|2.2p and (|2.4p follows easily 
from Theorem 1.8 in [7j (see also |8j). Corollarv 12.31 is a simple consequence of Theorem 12. H 
Theorem 12.21 and a Tauberian-argument. 

To deal with the large coupling constant limit case, we note that for all M > and A large 
enough, we have 

{(x,y,7?,0 eMM(x,y)| <M, (e-y)2+r?2 + Ay(x,y) € [a, 6]} =0. 

Thus, on the symbolic level, only the behavior of V{x^ y) at infinity contributes to the asymp- 
totic behavior of the left hand sides of (I2.10p and (12.12p . Since, for |X| large enough, \V{X) = 
ipoihX) + ip2{hX)h'^ + ■ ■ ■ + ^2j{hX)h'^^ + ■ ■ ■ with h = A"? and ipQ{X) = ^0(1^)1^1"^ The- 
orem [23] (resp. Theorem 12. 5 p follows from Theorem 12.11 (resp. Theorem 12. 2p . 

3. The effective Hamiltonian 

3.1. Classes of symbols. Let M„(C) be the space of complex square matrices of order n. 
We recall the standard class of semi-classical matrix- valued symbols on T*W^ = 'M?'^: 

5™(]R2'^;M„(C)) = {a G C-(M2rf x (0,1];M„(C)) : P^^f a||^(A,„(c)) < C^,ph-^}. 

We note that the symbols are tempered as /i \ 0. The more general class S'^{m?'^]Mn{C)), 
where the right hand side in the above estimate is replaced by Cq,^^/i~"^~'^*^I"I"'"1^I), has nice 
quantization properties as long asO<(5<l/2 (we refer to [IT[ Chapter 7]). 

For /i-dependent symbol a G ^"(M^'i; M„(C)), we say that a has an asymptotic expansion 
in powers of h and we write 

a ~ ^aj/i^in ^^(M^'^; M„(C)), 
i>o 

if there exists a sequence of symbols aj{x,£) G 5'™(]R^°'; M„(C)) such that for all G N, we 
have 

N 
j=0 
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In the special case when m = 6 = (resp. m = 6 = 0,n = 1), we will write S''^(M'^'^; M„(C)) 
(resp. S0(M2'^)) instead of 5° (M^d; m„(C)) (resp. S^{R'^'^; Mi{C)). 

We will use the standard Weyl quantization of symbols. More precisely, if a E 5'^(M^'^; Mn(C)), 
then a^{x, hD^; h) is the operator defined by 



a'^{x,hD^;h)u{x) = {2TTh)-'^ J j e-^^ a i^-^,C;hj u{y)dydC, nG5(M"';C"). 

In order to prove our main results, we shall recall some well-known results 

Proposition 3.1. (Composition formula) Let m G ^^''(M^"'; M„(C)), i = 1,2, 5 € [0, \). 
Then Jf" {y,hDy;h) = af {y, hDy) o a2{y,hDy) is an h-pseudo- differential operator, and 

oo 

b{y, v;h)^Yl ^)^' ' *^r^"' (1^'"; ^n(C))- 

j=0 

Proposition 3.2. (Beals characterization) Let A = Ah : 5(M"';C") 5'(R'';C"), < 
h <1. The following two statements are equivalent: 

(1) A = a'"{x,hD^;h), for some a = a{x,C;h) G S^iR^'^; Mn{C)). 

(2) For every G N and for every sequence li{x,^),. . . , In{x, of linear forms on M^"^, the 
operator adiw^^^ ^Dx) o ■ ■ ■ o ad;» (a,^/j£)^)j4/i belongs to C{L'^, L^) and is of norm 0{h^) in that 
space. Here, ad^-B := [A, B] = AB - BA. 

Proposition 3.3. (L^- boundedness) Let a = a{x,C;h) G S'^{R'^'^; Mn{C)), < 6 < 
1/2. Then a"" {x,hDa,;h) is hounded : L2(R'^;C") L'^{W^]U'), and there is a constant C 
independent of h such that for < /i < 1; 

\\a'"{x,hD^;h)\\ < C. 

3.2. Reduction to a semi-classical problem. Here, we shall make use of a strong field 
reduction onto the jth eigenfunction of the harmonic oscillator, j = Iq - ■ - l, and a well-posed 
Grushin problem for H[h). We show that the spectral study of H[h) near some energy level z 

can be reduced to the study of an h^-^T)0 E ^(z) called the effective Hamiltonian. Without 

any loss of generality we may assume that /q = 1- 



X) 



Lemma 3.4. There exists a unitary operator W : L^(M^) — ?> L^(M^) such that 

P{h) = WH{h)W* 

where P{h) := Pq + V^ih), Pq := + y^ and ^"{h) := y^(x + hDy, hy + h^D, 

Proof. The linear symplectic mapping 

S : ^ given by {x, y, ^, rj) ^ (^^x + 'n,y + h^, h^, r] 

maps the Weyl symbol of the operator H{h) into the Weyl symbol of the operator P{h). 
By Theorem A. 2 in [TTJ Chapter 7], there exists a unitary operator W : L^(M^) — )- L^(M^) 
associated to S such that P{h) = WH{h)W*. □ 
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Introduce the operator RJ : L^{Ra:) ^ L^{^l,y) by 

{Rjv){x,y) = <t)j{y)v{x), 

where is the jth normahzed eigenfunction of the harmonic osciUator. Further, the operator 
i?t : L\Rl y) L2(M^) is defined by 



{RJu){x)= / (f)j{y)u{x,y)dy. 



Notice that Rj' is the adjoint of Rj . An easy computation shows that R^Rj = Il^{m.^) a^nd 

L\R^), v{x,y)^ J v{x,t)cPj{t)dt(j>jiy). 



R- = Ilj, where 



n, : L 



Define H = n^ - 

Lemma 3.5. Let O := {z G C| Rez G [a, h\, |Imz| < 1}. The operator 

(7 - n)P(/i)(7 -Il)-z: {I- n)L2(M2) ^ {I - Il)L^{R^) 
is uniformly invertible for z E: Q. 

Proof It foUows from the definition of U that a{{I - U)Po{I - H)) = {2fc + 1| fc ^ 1, 
Hence 

a{{I-U)P{h){I -IV))C \J [2fc + l-||y|Uco(K2),2A; + l + ||y||io.(R2)], 

k^i,...,l 

which imphes 

- n)P(/i)(/ - n)) n [a, 6] = 0. 

Consequently, 

\\{I-U)P{h){I-U)-z\\ > dist([a,6],a((/-n)P(/i)(/-n))) > 
uniformly for 2; G O. Thus, we obtain 

(J - n)P(/i)(7 - n) - z : (7 - n)L2(R2) ^ (/ - n)L2(R2) 
is uniformly invertible for z G fi. □ 

For z G fi, we put 

({P{h)-z) Pf 
P^ 

where = z-(2j+l)-P+F"'(/t)p-, j = l,...,Zand R{z) = {{I-Il)P{h){I-Il)-z)-^{I-Tl). 
Let Si{z) := V{z)£{z) = (cifej)jj^/=i- In the next step we will compute explicitly akj- 



... Ri\ 
... 


and £{z) = 


/Riz) 
Rt 




.. R^\ 
.. 


... oj 






. 


" Ai) 
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Using the fact that IlR{z) = as well as the fact that 11 commutes with Pq, we deduce 
that {P{h) - z)R{z) = (/ - n) + [n, V'"{h)]R{z). Consequently, 



(3.1) 



ai,i = {P{h) - z)R{z) + RJ^t = ^ + [n, V^ihmz). 

)=i 



= 1), one 



Next, from the definition of Ai and the fact that PqRi = 3R^ (we recall that Iq = 1) 
has 

ai,2 = {P{h) - z)R^ +R^Ai 

= -{z - 3)R:[ + V'"{h)R- +R~{z-3)- UiV'"{h)R:[ 
= V'^{h)R^ -UlV'^{h)R- 
=[V^{h),U^]R~. 

Similarly, a^j = [V^{h),Uj^i]Rj_„j > 3. 

Since i?+(l - Hi) = Rj - RtR^Rt = and R+Hj = R^R^R^ = for j / 1, it follows 
that a2,i = RfR{z) = 0. Evidently, 02,2 = R^Ri = and a2j = RfRj = for j > 3. 

The same arguments as above show that afc j = Sj^k^L^^R) for all A; > 3. Summing up we have 
proved 

fl+[U,V^{h)]R{z) [y-(/i),ni]i2r - [V'^{h),Ui]Rl\ 
h'^(R) 



Si{z) = V{z)£{z) 



V ... /i2(K) / 

Let fj G C^(M), fj = 1 near 2j + 1 and supp/j C [2j, 2j + 2]. By the spectral theorem 
we have lij = fj{Dy + y^). On the other hand, the functional calculus of pseudo-differential 
operators shows that Uj = fj{Dl + y^) = B'"{y,Dy) with B{y,7]) = 0((y)-°°(7?)-°°). 

The composition formula of pseudo-differential operators (Proposition 13. ip gives 



N 



(3.2) 



[V^{h),U,]=Y,blj{x,h^D,)cl^{y,Dy)h'^ + 0{h''+'), ViV G N, 



k=l 



where bkj,Ckj G S'''(M^). This together with the C alder on- Vaillancourt theorem (Proposition 



-a{z)[V^{h),ni]R-\ 




33]) yields [V'^{h),Uj] = 0{h) in C{L^{m?)). Therefore, for h is sufficiently small, £"1(2) is 
uniformly invertible for 2; G il, and 

(a{z) -a{z)[V^{h),Iii]R- 

-^L2(R) 



fi(z)-i 



V 







J 



where a{z) = (/ + [11, {h)\R{z)) ^ . Using the explicit expressions of £{z) and £i{z) ^, we 
get 
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(R{z)a{z) 
Rfa{z) 



£(z) := £{z)£^iz)-^ 
-R{z)a{z)[V'^{h),Ui]R^ ... -R{z)a{z)[V'^{h),Ui]R- + R-\ 



Ai - Rla{z)[V'"{h),Ui]R^ 



-Rta{z)[V^{h),Ui]Rf 



Ai-R+a{z)[V'-{h),Ui]R- J 



\Rla{z) -Rla{z)[V'"{h),Ui]R:^ 
Thus, we have proved the fohowing theorem. 

Theorem 3.6. Let ^1 be as in Lemma [5'. 5[ Then Viz) is uniformly invertible for z £ 0, with 
inverse £{z). In addition, £{z) is holomorphic in z ^VL. 

From now on, we write £{z) = {BkjYj^j^^ = {^ej}) e1^{1)) ' ^^^'^^ ^-+(^) = (^fcjOijLa' 

(Rta{z)\ 



E{z) = R{z)a{z), E-{z) 



and 



\Ria{z)l 

E+{z) = {-R{z)aiz)[V'"ih),Ui]R^ + R^ ... -Riz)aiz)[V'" {h),Ui]R- + R~) . 

Remark 3.7. The following formulas are consequences of the fact that £{z) is the inverse of 
V{z) as well as the fact that R^ are independent of z (see [8} I12j ).• 

(3.3) {z - P{h))-' = -E{z) + E+{z){E^+{z))-'E^{z), z G p{P{h)), 

(3.4) d,E.+{z) = E-{z)E+{z). 

In what fohows, the exphcit formulae for E{z) and E±{z) are not needed. We just indicate 
that they are holomorphic in z. In the remainder of this section, we will prove that the 

symbol of the operator E ^-{z) is in 5'^(M^; M;(C)), and has a complete asymptotic expansion 

in powers of h. Moreover, we will give explicitly the principal term. 

Proposition 3.8. For 1 < k,j < I, the operators R^V'^{h)Rj and R'la{z)[V'"{h),Uj]R- 
are h'^—pseudo- differential operators with bounded symbols. Moreover, there exist Vj^n,bkj^n £ 
5°(M2)^ n = 1,2,.., such that 

N 

RlV'"{h)Rj = Y,h^''v7,n{^,h^D,) + Oih^^^+'^), 

n=0 
N 



(3.5) 



(3.6) R+a{z)[V^{h),Uj]Rj = ^blj^^{x,h^D^,z)h^ + 0(/i^+i), for k + j, 

n=l 

N 

(3.7) R+a{z)[V^{h),U,]RT = Y,bJj^,^{x,h'D,,z)h'^ + 0(/i2(^+i)), ViV € N, 



n=l 
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Here 

Proof. The proofs of (|3.5p . (|3.6p and ()3.7p are quite similar, and are based on the Beal's 
characterization of /i^-pseudo-differential operators (see Proposition 13. 2p . We give only the 
main ideas of the proof of (|3.5p and we refer to [U [TTl [T2] for more details. Let Q denote 
the left hand side of (j3.5p . Let l^{x,h'^Dx) be as in Proposition 13.21 Using the fact that 
commutes with l^{x,h?Dx) as well as the fact that V'^{h) is an /i^-pseudo-differential 
operator on x, we deduce from Proposition 13.21 that Q = q"'{x,h?Dx;h), with q € S'''(M^). 
On the other hand, writing 

and using Proposition 13. 2| we see that q{x,^; h) has an asymptotic expansion in powers of h. 

Notice that the odd powers of h in (|3.5p and (j3.7p disappear, due to the special properties of 
the eigenfunctions of the harmonic oscillator (i.e., y'^^~^^\(j)j{y)\'^dy = 'Pjiu) dy''^^4'j{y)dy = 
0). Finally, since Rj^Rj = Il^{r)^ it follows from (|3.8p that Vjfi{x,^) = V{x,^). 

□ 

Let e |_(x, ^, z, /i) denote the symbol of E (-(-z). The following corollary follows from the 

above proposition and the definition of E \-{z). 

Corollary 3.9. We have 

oo 
j=0 

with 

e\ix,C,z) = ({z - (2j + 1) - Vix,0)6^A 

\ / l<i,j<l 

4. Proof of Theorem 12.11 and Theorem 12.31 
4.1. Trace formulae. Let / G C^((a,6);R), where (a, 6) C R \ acss{P{h)), and let G 

S,-([a,6]) = {(x,0 G M^l 2j + 1 + V{x,C) G [a,b]} ,j = 1, 



C(^(M;IR). Set 



and 

I 

(4.1) S[,,,] = Us,([a,6]). 

Let / G C^{{a, b) + 1]) be an almost analytic extension of /, i.e., / = / on M and dzf 
vanishes on M to infinite order, i.e. dz f{z) = ON{\lm z\^) for all G N. Then the functional 
calculus due to Helffer-Sjostrand (see e.g. lllj, Chapter 8]) yields 

(4.2) f{P{h)) = -^j dj{z){z - P{h))-'L{dz), 
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(4.3) fiP{h))e„2{t - P{h)) = -^j dJizA^it - z){z - P{h))-^L{dz). 

Here L{dz) = dxdy is the Lebesgue measure on the complex plane C ~ '^,y I'^st 
equality we have used the fact that f[z)6f^2{t — z) is an almost analytic extension of f{x)0fj^2{t— 
x), since z i— )• ^/j2(t — z) is analytic. 

Proposition 4.1. For h small enough, we have 

(4.4) tr(/(P(/i))) = tr(-i J dJ{z){E^+{z))-^d,E^+{z)L{dz)x'"{x,h^D,)^ +0{h'^), 

(4.5) ir (^f{P{h))K<t-P{h))) = 

trf-i / dj{z)e^,{t - z){E,+ {z))-^d,E_+{z)L{dz)x'"{xyD^) \ +0(/i°°), 



where x £ C^(M^;M) is equal to one in a neighbourhood o/Sj^ f,]. 

Proof. Replacing {z — P{h))~^ in (j4.2p by the right hand side of (|3.3p . and using the fact that 
E(z) is holomorphic in z, we obtain 

(4.6) f{P{h)) = -^j -dJ{z)E+{z){E_+{z))-^E_{z)L{dz). 

Let V G 5''^(M^) be a real-valued function coinciding with V for large {x,y), and having 
the property that 

(4.7) \z-{2j + l)-V{x,y)\>c>0, i = l,2,...,/, 

uniformly in z E supp /, and {x,y) £ M^. We recall that for z G supp /, Rez G (a, 6) C 
R\aess{H{h)) =R\U^o{(2fc + l)}. Then (gZl) holds for V G S°{R'^) with ||y|| smah enough. 

Set ^_+(z) := E_+{z) + (v'"{x,h'^D^) - V'"{x,h'^D^)^ Ii, and let ^(a;, ^, z) be the principal 

symbol of E \-{z). Here Ii denotes the unit matrix of order /. It follows from (j4.7p that 

|det e(x, ^, z)! > c'. Then for sufficiently small h > 0, the operator E |_(z) is elliptic, and 

E \-{z)~^ is well defined and holomorphic for z in some fixed complex neighbourhood of 

supp/, (see chapter 7 of [H]). Hence, by an integration by parts, we get 



J dJ{z)E+{z)E^+{z)-^E^{z)L{dz)=0. 



Combining this with (|4.6p and using the resolvent identity for Im z ^ 

E_+iz)-' = E_+iz)-' + E.+iz)-\E_+iz) - E_+{z))E_+{z)-\ 

we obtain 
(4.8) 

iT{f{P{h))) = -hi y dJ{z)E+{z)E^+{z)-\E^+{z) - E^+{z))E^+{zr^E^{z)L{dz) 

Since the symbol of E.+ {z) - E^+{z) is {V - V)Ii belonging to C^(M2; M/(C)), we have 

E |_(z) — E |_(z) is a trace class operator. It is then clear that we can permute integration 

and the operator "tr" in the right hand side of ()4.8p . 
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Using the property of cyclic invariance of the trace, and applying (j3.4p we get 

tr - E.+ iz))E.+ iz)-'E^iz)') = 

tr - E-+{z))E-+{z)-'d,E-+{z)) . 

Let X e C^(K2) be equal to 1 in a neighbourhood of supp (V — V). From the composition 
formula for two /i^ — ^'DOs with Weyl symbols (see Proposition [3TT|), we see that all the deriva- 
tives of the symbol of the operator {E_+{z) - E_+{z)){E_+{z))-'^d^E_+{z){l-x'^{x,h'^D^)) 
are 0{h'^'^ {{x,£^))~^) for every iV G N. The trace class-norm of this expression is therefore 
0{h°°), and consequently 

(4.9) iT{E+{z)E^+{z)-\E^+{z) - E^+{z))E^+{z)-^E^{z)) = 

tr(E_+(z)-i(E_+(z)-S_+(z))^_+(z)-ia,ii;_+(z)x"'(x,/i2i?,))+0(/i~jImzri). 
Here we recall from ([33]) that E_+{z)-^ = 0{\lmz\-^). 

Inserting ()4.9p into (j4.8p . and using the fact that E ^.(zj^^dzE |_(z) is holomorphic in z 

we obtain ()4.4p . The proof of (14. 5p is similar. 

□ 

Trace formulas involving effective Hamiltonian like (14. 4p and (14. Sp were studied in ff| IS] . 
Applying Theorem 1.8 in [7] to the left hand side of (14.41) . we obtain 

oo 

(4.10) tr(/(P(/i))) ~ {h \ 0). 

i=o 

To use Theorem 1.8 in [7] we make the following definition. 

Definition 4.2. We say that p{x,S^) G S^{M.'^; Mi{C)), is micro-hyperbolic at (xo,Co) hi the 
direction T G M^, if there are constants Cq, Ci, C2 > such that 

{{dp{x,C),T)u,u) > -^ll^f - Ci\\p{x,Ouj\\'. 

for ah (x,^) G ^j^j^ i^^.^^) _ (^0,^0) I! < ^ and all co G C'. 

The assumption of Theorem 12.21 implies that the principal symbol e^^{x, ^, z) of E ^_(z) is 

micro-hyperbolic at every point (xcCo) ^ {(^'O ^ det(e'?__|_(x, ^, ^)) = 0}. Thus, 

according to Theorem 1.8 in [7] there exists C > large enough and e > small such that 
for / G C^{]fi-e,n + e[;R), 6 G C^{] - ^,^[;M), we have: 

00 

(4.11) tr(/(P(/i))e\2(t-P(/i))) ~^7,(i)/i^-2, ih\0), 

j=0 

with 70 (t) = co(t). 

By observing that the /i-pseudo-differential calculus can be extended to < 0, we have 

hhv^f{p{h))ef,2{t-p{h)))- ^,{t)y 

0<j<N 
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hhr{f{P{h))- ^ I3jh^ 

0<j<N 

By the change of variable (x, y) — )• (x, —y), we see that P{h) is unitarily equivalent to P{—h). 

From this we deduce that hhr{f{P{h))) and hHi (^f(P(h))9h2{t - P{h))^ are unchanged 

when we replace h by —h. We recall that if A and B are unitarily equivalent trace class 
operators then tr(yl) = tr(i?). Consequently, 72^+1 = /32j+i = 0. This ends the proof of 
Theorem 12.11 and Theorem 12.21 



<CN\hf+\ he]-hN,hN[\{0}. 



4.2. Proof of Corollary [231 Pick cr > small enough. Let G C^((a -a,a + a); [0, 1]), 
02 G Co°°((a + f , & - f ) ; [0, 1]), h e C^iib -a,b + a); [0, 1]) satisfy 0i + 02 + (/-s = 1 on 
(a — ^, 6 + ^). Let 7o(/i) < 7i(/i) < • ■ • < lN{h) be the eigenvalues of counted with 

their multiplicity and lying in the interval (a — a, 6 + cr). We have 

Mh{a,b)= (0i+'/'2 + 03)(7i(M) 

a<7j {h)<b 

= E 0i(7,W)+tr(02(^(/i)))+ 5] 03(7, W). 
According to Theorem 12.11 we have 

(4.13) tr(0^(/?(/i))) = ^ J^^^0„((2i + l) + y(X))dX + O(l), m = l,2,3. 
Set M{T,h) := ^ 03(7j(/i)). Evidently, in the sense of distribution, we have 

■Jj {h)<T 

(4.14) M{t) := M'{T,h) = 5^5(r - 7,(/i))03(7j(/i))- 

j 

In what follows, we choose G C^((— ^, ^) ; [0, 1]), (C > large enough) such that 61(0) = 
1, e(t) > 0, t G M, e(t) > eo, t G [-60, 6o\ for some 5o > 0, eq > 0. 

Corollary 4.3. There is Cq > 0, suc/i that, for all (A, /i) G M x (0, Hq), we have: 

\M{X + 6oh^,h) -M(A-(5o/l^/l)| < Cq. 

Proof. Since 03 > 0, it follows from the construction of 6 that 

E </'3(7,(M)< E 42(A-7,(M)03(7,(/i))< 

A-5o/i2<7j(/i)<A+5o/i2 |A-7j(/i.)|<<5o/i2 



E0";,2(A - ^j{h))Ul,{h)) = K^^M{\) = tr (03(i7(/i))42(A - i7(/i))^ 
Now Corollary WM follows from ([231) • □ 
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According to Corollary 14.31 we have 
(4.15) 



r- A 



M{T)dT = 

fcgZ' 



{<5oA:<^<5o(fc+l)} 



T- A 



M{T)dT < Co [Y^i^ok)-^ 



On the other hand, since 6 E and 0(0) = 1, there exists Ci > such that: 



— CO 



(r - y)(iy - 1(^oo,a)(t) 



-A 



^(y)c^y - 1(-oo,a)(t) 



<Ci 



r - A 



-2 



uniformly in r € M and /i € (0, /iq). Consequently, 
/■A /-A 



(4.16) 



/i2 



yW(r)dr. 



Putting together (fiJij) . (fiJ5|) and dHS]), we get 



(4.17) 



/ ^;,2^A^(r)dr = M(A,/i) + 0(l). 

./ — oo 



Note that 0^2 * M{t) = tr (^03(i?(/i))^^2(T - -H'(/i))). As a consequence of ([MD, ([23]) and 
we obtain 

(4.18) M{X,h) = h-'^m{X) + 0{1), 
where 

/■A 

(4.19) m(A) 



J-oo 27r ^ 



/{XeIR2|(2j+l)+V'(X)<A} 

Here we have used the fact that if E is not a critical value of V{X), then 



(/.3((2j + 1) + y(x))(ix 



f^-E' \J{xm'^\v{x)<E} 



where = V-^{E) (see [22l Lemma V-9]). 
Applying (p:2|) . (jiTl]) and (jiJ9]) to 0i and writing: 



we get 
(4.20) 

with 
(4.21) 



E M^^Jm = h-''mlia) + Oil), 

a<7j(/i) 



mi 



ia) =—y [ 



J{Xm2\(2j+l)+V{X)>a} 

Now Corollary E31 results from (imjl . (imjl . (imjl . (OUjl and (IOT|) . 
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5. Proof of Theorem 12.41 and Theorem 12.61 

As we have noticed in the outhne of the proofs, we will construct a potential 
ip{X; h) = (^o(^) + ^2{X)h^ + • • • + ^2j{X)h^^ + • • • , 
such that for ah / e C^((a,6);M) and 9 e C^(IR;IR), we have 

(5.1) tr(/(FA))=tr(/(Q)) + 0(/i-), 

(5.2) tr [f{Hx)\_2 {t - Hx)) = tr [fiQ^^it - Q)) + 0{h'^), 

where Q := Hq + (p{hX; h) and h = A^* . By observing that Theorem 12.11 Theorem 12.21 and 
Corollarv 12.31 remain true when we replace H{h) = HQ + V{hX) by Q, Theorem l2.4l Theorem 
12.51 and Corollarv 12.61 follow from (j5.ip and (j5.2p . The remainder of this paper is devoted to 
the proof of ([5T]) and (lO]) . 

5.1. Construction of reference operator Q. Set h = A *. For M > 0, put 

(5.3) ^M{h) = {X £ M^l h-^V{X) > M}. 

Since wq > and continuous on the unit circle, there exist two positive constants Ci and C2 
such that Ci < (mincjQ 

< (maxt^o) ' < C2. 
According to the hypothesis (j2.9p . there exists /iq > such that 

-8(0, CiM-^/^h-^) C nM{h) C B{0, CaM^^/'^/i^^), for ah < /i < ho. 
Here B{0,r) denotes the ball of center and radius r. 

Let X e C^iBiO, CiM-V-?); [0, 1]) satisfying x = 1 near zero. Set 

. ^{X; h) := (1 - x{X))h~'V{f) + Mx{X), 

• Wh{X) := h-^V{X) - ifihX; h) = x{hX){h-^V{X) - M). 

By the construction of ^p{-',h) and W^, we have 

(5.4) \d%^p{X- h)\ < Ca, uniformly for h G (0, /iq], 

M 

(5.5) <f{hX;h) > — for X GnMih), 

2 2 

(5.6) suppWh C 5(0, CiM-^/^h-^) C J1m(/i). 

On the other hand, it follows from (12. 9p that for all € N, there exist ^po, ...,(p2N,K2N+2i'', h) G 
C°°(M^;M), uniformly bounded with respect to h £ (0, ho] together with their derivatives such 
that: 

N 

(5.7) ip{X; h) = Y, V2j{X)h^' + /i'^+'i^2iV+2(A; h) 

j=0 

with 

MX) = (1 - x{X))oJo |A|-'^ + MxiX). 



In fact, if A E suppx then uo yjx]) 1^1 > C'll-'^l > M, which implies that (fo{X) > 
(1 - xiX))M + Mx(A) = M for aU X e suppx- Consequently, we have 
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X^ \ V\-5 



Lemma 5.1. If (po{X) < M then fo{X) = ujo ^jx]) \^\ 

Let V G C°°(]R; [f^, +00)) satisfying V'(t) = t for all t>f.We define 

Fi{X; h) := h)) and F2{X; h) := iP{h-^V{X)). 

Let U he a small complex neighborhood of [a, b]. From now on, we choose M > a + b large 
enough such that 

M 

(5.8) Fj{X;h)-Rez>—,j = l,2, 

uniformly for z GlA. This choice of M implies that: 

• If 2j + 1 + ip{X; h) € [a, b] then if^iX) < M for ah h G (0, Hq], 

• The function defined by 2; 1— ?• (z — Hp.)^^ is holomorphic from Z// to >C(L'^(M^)), where 

:=/7o + i^i(^;/i), j = l,2. 

Moreover, it follows from ([M]) that d'^Fj{X;h) = Oaih"^). 
Finally, (|5.5p shows that 

dist(suppTy/„supp[</j(/i-;/i) -Fi(-;/i)]) > 

(5.9) 

dist (suppVF,„supp[/i-V(-) -F2(-;/i)]) > 
with ai(M), 02 (M) > independent of h. 

Lemma 5.2. Let x G Cq°(M^). For z eU, the operators x{hX){z - Hp^)^^ , j = 1,2, belong 
to the class of Hilbert- Schmidt operators. Moreover 

(5.10) \\xihX)iz - Hp^r'Wus = Oih-'-'). 
Here we denote by ||.||hs Hilbert- Schmidt norm of operators. 

Proof. We prove (j5.10p for j = 1. The case j = 2 is treated in the same way. 
Using the resolvent equation, one has 

(5.11) {z-Hp,)-^=(^z-^-H^ \(^,-^-H^ ' (^Fi{X;h)-^yz-Hp,)-\ 

On the other hand, the operator (z — ^ — Hq^ ^ was shown to be an integral operator with 

integral kernel Kq{X,Y, z) satisfying \Ko{X,Y, z)\ < Ce~s\-^~^'^^ uniformly for z G (see 
[U Formula 2.17]). Let Ki{X,Y,z) be the integral kernel of x{hX){z - ^ - Ho)-\ Then 
Ki{X,Y,z) = xihX)KoiX,Y,z). 

Let (X) = (1 + \X\^)^, X G Since x € ^^(M^), one has x{hX)h^{Xf is uniformly 
bounded for h > 0. Combining this with the fact that ■^xp'^"^'"^"^' ^ i^(IR^), we obtain 



(5.12) \\Ki{X,Y,z)h2 



x{hX)h^Xfj^^^KoiX,Y,z] 



= 0{h- 
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It shows that x{hX){z - # - Hq)''^ is a Hilbert-Schmidt operator and 



M 



xihX) {z- — -Ho 



(5.13) 

Consequently, (jS.lip and ()5.13p imply that 



\KiiX,Y,z)\\^2 



0{h- 



HS 



\x{hX){z - Hp,)-' Wrs < 



M 



x{hX) [z- — -Ho 



-1 



HS 



+ 



M 

x{hX) [z- — -Ho 



-1 



HS 



F^{X-h)-^ 



{z-HF,r'\ 



where we have used Fi{X; h) = 0{h~^). 
Lemma 5.3. For z ^lA, the operator 

Wh{X){HF, - z)-\^{hX- h) - Fi{X; h)) 
belongs to the class of Hilbert-Schmidt operators. Moreover, 



□ 



(5.14) 



\WhiX)iHF, - z)-\^{hX- h) - Fi(X; /i))||hs = 0{h°°). 



Proof. Let H^p^ := -A + Fi{X;h). We denote by GiX,Y;z) (resp. Go{X,Y;Rez)) the Green 
function of [Hp-^ — z)^^ (resp. {Hp^ — Rez)^^). 
From the functional calculus, one has 



(5.15) 



/>oo 

Jo 
Jo 



For t > 0, the Kato inequality (see |5l Formula 1.8]) implies that 

(5.16) |e"*^^in| < e'^^^^ \u\ (pointwise), u G L^{M^). 
Then (fOKjl and (fCTjl yield 

(5.17) \{Hf^ - z)-^u\ < (i?^^ - Rez)-^\u\ (pointwise), u G L'^{R'^). 

Consequently, applying [31 Theorem 10] we have \G{X, Y; z)\ < Gq{X, Y; Rez) for a.e. X,Y G 

M^. From this, one obtains 

(5.18) 

\Wh{X)G{X, Y; z){^{hY; h) - Fi{Y; h))\ < \Wh{X)Go{X, Y; Rez){ip{hY; h) - Fi(Y; h))\ 
for a.e. X,y € M^. 

On the other hand, using (j5.9p M. Dimassi proved that (see [6", Proposition 3.3]) 
(5.19) \\Wh{X)Go{X,Y;Rez){ip{hY;h) - Fi(Y;h))\\L^M.^) = 0{h^). 

Thus, (I5l8]) and (09]l give 



(5.20) 



\Wh{X)G{X,Y;z)i^ihY;h) - F,iY;h))\\L^(^,) = Oih 
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The estimate ([OO]) shows that the operator Wh{X){Hp^ - z)-'^{ip{hX;h) - Fi{X;h)) is 
Hilbert-Schmidt and 

(5.21) \\WhiX){HF, - z)-\^{hX- h) - /i))||hs = 0{h'^). 

□ 

By using the same arguments as in Lemma l5.3( we also obtain 
Lemma 5.4. For z (zU, the operator 

Wh{X){HF, - zr\h-^V{X) - F2{X; h)) 
belongs to the class of Hilbert-Schmidt operators and 

\\WhiX)iHF, - z)-Hh-WiX) - F2iX;h))\\us = Oih^). 

Let Q := Ho-\- ip{hX; h). For z eU, Imz / 0, put 

(5.22) G{z) = {z- Hx)-^ -{z- Q)-^ - {z - Hp^T^Whiz - Hf,)-\ 
Proposition 5.5. The operator G{z) is of trace class and satisfies the following estimate: 

(5.23) \\G{z)\\t, = 0{h°^\lmz\-^), 
uniformly for z with Imz ^ 0. 

Proof. It follows from the resolvent equation that 

(5.24) {z - Hx)-^ -{z- Q)-^ = {z- Hx)-^Wh{z - Q)-\ 
On the other hand, one has 

(5 25) {z-Hx)-^ = {z-Hf,)-^ 

+ {z-Hx)-Hh-'V{X)-F2{X;h)){z-HF,r' 

and 

(5 26) (z - Q)-' = (z - Hf,)-' 

+ {z-HF,r\^{hX-h)-F^{X-h)){z-Q)-\ 

Substituting (|5.25p and (j5.26p into the right hand side of (j5.24p . one gets 

G{z) = {z- HF,)-^Wh{z - HF,r\^{hX- h) - Fi{X- h)){z - Qy^ 

+ {z- Hx)-\h-W{X) - F2{X- h)){z - HF,r^Wh{z - Hf,)-^ 

+ {z~ Hx)-\h-^V{X) - F2{X; h)){z- HF,r'Wh{z - HfJ-'x 

X (ipihX; h) - Fi{X- h)){z - Q)-^ =: A{z) + B{z) + C{z). 

Next we choose x e G^{M?) such that x{hX)Wh{X) = Wh{X). It follows from Lemma 
and Lemma 15.31 that 

\\A{z)\\,, <\\{z- HF,)-^x{hX)U^\\Wh{z - HF,r\^{hX,h) - F^{X-h))Us\\{z - QY^W 
= 0(/i°°|Imzr^). 

Here we have used the fact that \\{z — Q)^^\\ = 0{\\mz\^^). Similarly, we also obtain 
\\B{z)\\tr = 0{h^\haz\-^) and ||C(z)||tr = 0{h°°\lmz\'^). Thus, 

||G(z)||tr < P(^)||tr + ||S(^)||tr + \\C{z)\\,r = 0(/l~ llmzf") . 
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□ 

5.2. Proof of dHU and Theorem [231 Let / G C^((a,6);M) and let / G C^{U) be an 
almost analytic extension of /. From the Helffer- Sjotrand formula and (j5.22p . we get 

f(Hx)-f{Q) 

(5.27) =-ll dzf{z)[{z - Hx)-' -{z- Q)-^]L{dz) 

= -\j ^-•^(^) - Hp.r^Whiz - Hp,)-' + G{z)] L{dz). 
Notice that {z — Hp^)~'Wh{z — Hp,)'' is holomorphic in z G then 

(5.28) j dj{z){z - Hp,)-'Wh{z - Hp,)~'L{dz) = 0. 
Thus, (fOTD and dOS]) follow that 

(5.29) f{H^) - fiQ) = -^j dJ{z)G{z)L{dz), 

which together with (|5.23p yields ()5.ip . 

Applying Theorem 12.11 to the operator Q and using ()5.ip we obtain (12.10p with 

^o(/) = E ^ // /(2J + 1 + MX))dX 



According to Lemma l5.lt one has 



2j + 1 + MX) G [a, b] ^MX)=oJo{^) \X\-\j = 0, , 



Thus, after a change of variable in the integral we get 

f27r „ 1 



boif) = J-l[ "(c^o(cos0,sine))7(i0E / /(^)(^ " (^J + 1))-'-^'^". 

We recall that supp/ c]a, b[, with 2q + 1 < a < b < 2q + 3. This ends the proof of Theorem 
[2T 



5.3. Proof of (j5.2p and Theorem 12.51 The proof of (j5.2p is a slight modification of (|5.ip . 
For that, let </> G C^((-2,2); [0,1]) such that </> = 1 on [-1,1]. Put (ph{z) = </'(^), then 
f{z)(phiz) is also an almost analytic extension of /. Applying again the Helffer-Sjostrand 
formula, we get 

f{Hx)e^_2 [t - H,) - f{Q)K<t - Q) 

= -- I AifMiz)k<t - z)[iz - Hx)-' -{z- Q))-']L{dz) 



(5.30) 1 r 



j d,{fcl)h){z)e,,2{t - z) [{z - Hp,)-'Wh{z - Hp,)'' + Giz)] L{dz 
d,{fM{z)0h'4t-z)G{z)L{dz), 
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where in the last equahty we have used the fact that (z — Hp^) ^Wh{z — Hp-^) ^ is holomorphic 
in z gU. 

According to the Paley- Wiener theorem (see e.g. \21\ Theorem IX. 11]) the function 6i^2{t — 
z) is analytic with respect to z and satisfies the following estimate 

(5.31) er,2{t-z) = 0[-re^v 



Combining this with the fact that dz{f4>h){z) = 0{\Imz\°°)(l)h{z) + (p-) l[;i2 2/i2] (|Im2;|), and 
using Proposition 15.51 we get 

WdziMizA^it - z)G{z)\\,, = Oih^. 
This together with (j5.30p ends the proof of (j5.2p . 

X 



By observing that X.S/x y^o \jx]jj ~ 
(5.32) X.Vx (u;o \X\-'^ = -6ojo \X\-'. 

Then, since wo > 0, we have Vx(a;o(|^)|X|"'^) / for X G \ jg}. it implies that the 

functions 2j + 1 + lpq{X), j = l,...,q, do not have any critical values in the interval [a,b]. 
Consequently, Theorem 12.51 follows from (j5.2p and Theorem 12.21 
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